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Abstract 

We construct a hyperbolic 3-manifold M (with dM totally geodesic) which con- 



K*" ' tains no essential closed surfaces, but for any even integer g > there are infinitely 
O ' 

CN ' many separating slopes r on dM so that M[r], the 3-manifold obtained by attaching 

CN I 2-handle to M along r, contains an essential separating closed surface of genus g and 
O . 

■ is still hyperbolic. The result contrasts sharply with those known finiteness results 

[ for the cases g = 0,1. Our 3-manifold M is the complement of a simple small knot 
in a handlebody. 



§1. Introduction. All manifolds in this paper are orientable. All submanifolds 
are embedded and proper (F C M is proper if i*" n dM = OF), unless otherwise 
specified. A connected 1-manifold (an arc or a circle) on a surface F is non-trivial 
if it does not separate a disc from F. 

Let M be a compact 3-manifold with the boundary dM 7^ 0, F be a surface in 
M which is not the 2-sphere S^. Say F is incompressible if a circle c C F bounds 
a disk in M implies that c bounds a disc in F. Say a surface in M is essential 
if either it is incompressible and is not parallel to a sub-surface of dM, or it is a 
2-sphere which does not bound a 3-ball in M. Say a 3-manifold M is irreducible if 
each 2-sphere in M bounds a 3-ball. Say M is d -irreducible if dM is incompressible. 
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Say M is atoroidal if it contains no essential tori; Say M is anannular if it contains 
no essential annuli. 

Say a 3-manifold M is simple if M is irreducible, 9-irreducible, anannular and 
atoroidal. Suppose AI is a simple 3-manifold with dM ^ 0. By Thurston's theo- 
rem, M admits a complete finite volume hyperbolic structure with totally geodesic 
boundary (with torus components in dM removed) [T] . A knot K in M is simple if 
MftT, the complement of K in M, is simple. A 3-manifold M is small if M contains 
no essential closed surface. A knot in M is small if Mk is small. 

A (separating) slope r in dM is the isotopy class of a non-oriented non-trivial 
(separating) circle in dM. We denote by M[r] the manifold obtained by adding 
a 2-handle to M along a regular neighborhood of r in dM and then capping off 
spherical components with 3-balls. Specially, if r lies in a torus component of dM, 
this operation is known as Dehn filling. 

Essential surface is a basic tool to study 3-manifolds and handle addition is a 
basic method to construct 3-manifolds. A central topic connecting those two aspects 
in 3-manifold topology is the following: 

Question 1. Let M he a simple 3-manifold with dM ^ which contains no 
essential closed surface of genus g. How many slopes r C dM are there so that M[r] 
contains an essential closed surface of genus g ? 

Remark on Question 1. The mapping class group of a simple 3-manifold M 
with dM 7^ is finite. The question is asked only for simple 3-manifolds to avoid 
possibly infinitely many slopes produced from Dehn twists along essential discs or 
annuli. 

The main result in this paper is the following: 

Theorem 1. There is a simple small knot K in the handlebody H of genus 3 
such that for any even integer g > 0, there are infinitely many separating slopes 
r in dH so that Hxlr] contains an essential separating closed surface of genus g. 
Moreover those Hxir] are still simple. 
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Remarks on Theorem 1. 

(1) Suppose M is a simple 3-manifolds with dM ^ 0. 

(1) dM is a torus. W. Thurston's pioneer result claims that at most finitely many 
slopes on dM so that M[r] are not hyperbolic [T], hence the number of slopes are 
finite in Question 1 when g = 0,1. The sharp upper bound of such slopes are given 
by C. Gordon and J. Luecke and by Gordon when g = 0,1, see [G] for a survey. A. 
Hatcher proved the number of slopes in Question 1 is finitely many for all g [H]. 

(ii) dM has genus > 1. M. Scharlemann and Y-Q Wu [SW] have shown that 
if g = 0, 1, then there are only finitely many separating slopes r so that M[r] 
contains an essential closed surface of genus g. Very recently, M. Lackenby [L] 
generalized Thurston's finiteness result to handlebody attaching, that is to add 2- 
handlcs simultaneously. He proved that for a hyperbolic 3-manifold M there is a 
finite set C of exceptional circles on dM so that attaching a handlebody to M is still 
hyperbolike if none of those circles is attached to a meridian disc of the handlebody. 

Theorem 1 and those finiteness results of [T] , [H] , [SW] and [L] give a globe view 
about the answer of Question 1. In particular those finiteness results of [T], [H] and 
[SW] do not hold in general. We think the example in Theorem 1 also indicates 
that the finiteness result of [L] does not hold in general (a working project of the 
authors) . 

(2) It is unusual to the authors that a given manifold M provides "non-finiteness" 
answer to Question 1 for all even genus g > 2. From aesthetic point of view, one 
may wonder if there is a manifold provides "non-finiteness" answer to Question 1 
for all genus g > 2. We think that the answer is positive. In this case the knot K 
is complicated and then the proof of that Hk is small will be much more difficult 
(a working project of the authors). 

(3) Without handle addition, the 3-manifold M itself in Theorem 1 is interesting 
independently. First the construction of the small knot in Theorem 1 can be modi- 
fied to provided infinitely many small knots in handlebodies of any genus g > 1 {a 
working project of the authors). Up to our knowledge, no examples of simple small 
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knots in the handlebody of genus > 1 were explicitly presented before. Secondly M 
provides a hyperbolic 3-manifold with totally geodesic boundary which splits over 
essential surfaces of genus g in infinitely many different ways for each even ^ > 0. 

Remarks on the Proof of Theorem 1 and the organization of the paper. 
In §2 we construct a knot K and infinitely many separating STirfaces Sg^i of genus 
g for each even g > in the handlebody H of genus 3, such that all those surfaces 
Sg^i are disjoint from K and have connected boundaries. Those dSg^i will be served 
as the slopes r in Theorem 1. Some elementary properties of Sg^i and of K are also 
described in §2. Let Sg^i C HxldSg^i] be the closed surface obtained by capping off 
dSg^l with a disk. In §3 we will prove that Sg^i is incompressible in Hp- [dSg^i] as well 
as that dSg^i and 95"^ // are not isotopic in dH when I ^ I'. §4 and §5 are devoted 
to prove that the knot K is simple and small. 

A result in [J] is quoted in §3, which is a crucial step for the proof of Proposition 
3.1, and a result in [CGLS] is quoted in §4, which is used to shorten the argument of 
Case 2 in the proof of Lemma 4.4. Up to those two results and the knowledge in the 
beginning of standard textbooks of elementary algebraic topology, combinatorial 
groups and 3-manifolds, the paper is self-contained. Even so, the argument of Case 
1 (2) in the proof of Lemma 4.4 is initialed by Gordon-Litherland in middle 1980's. 

§2. Construction of the surfaces Sg^i and the knot K in H. 

Suppose Xi and X2 are connected proper sub-manifolds of M with complemen- 
tary dimensions and meet tranvcrscly. Let ||Xi,X2|| be the absolute value of their 
algebraic intersection number. Since all manifolds are oricntable, ||Xi,X2|| is well 
defined. For a compact manifold X, \X\ denotes the number of components of X. 
If X is an arc or an annulus, we often use diX to denote one component of dX and 
d2X to denote another. 

Let H be the handlebody of genus 3. Let [Bi, 82,83^ be a set of basis disks 
of H, and {Si, £'2} be two separating disks of H which separate H into three solid 
tori Ji, J2 and J3. See Figure 2.1. 
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Figure 2.1 

The orientable surface Sg of even genus g > with \dSg\ = 1 can be presented 
as in Figure 2.2 (where (7 = 4). Each surface Sgj we are going to construct in H can 
be viewed as a properly embedded image of Sg, where the disk in Figure 2.2 is sent 
to El (approximately) and the 1-handle ended at Vi and Ui is sent to the 1-handle 
N{ai) attached to Ei, which will be shown in Figures 2.3 and 2.4. 




Figure 2.2 



Remark on Figure 2.2. In Figure 2.2 if we attach g 1-handles on each side of 
the disc for odd g in the same way, we get a surface of genus g—1 with three boundary 
components rather then a surface of genus g with one boundary component. 

Let C be a closed curve in dH (with one self-intersection) as in Figure 2.3. Then 
dEi U dE2 separates C into eight embedded arcs ci , . . . , cs , where 03,07 C Ji with 

||95i,C7|| = 3, ||95i,C3|| = 1; C2,C4,C6,C8 C J2 with ||952,C4|| = 1, \\dB2,C6\\ = 3, 

||9-B2,C2|| = \\dB2,C8\ \ = 0; ci,C5 C J3 with \\dB3,ci\ \ = 3, 1 1(9^3, csH = 1. 
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Let ui, . . . , U2g,vi, . . . , V2g be 4^ points located on dEi in the cyclic order ui, 

Us, ■■■ , U2g-3, U2g^l, Vi, V3, ... , -^29-3, ^^23-!, V2g, V2g-2, ■■■ ,Va,V2, U2g, U2g-2, ■■■ 

,U4, U2 as in Figure 2.3 (see also Figure 2.2). 




Figure 2.3 

By the order of those points, we can assume that the isotopy has been made so 
that d{cs U ci U C2) = {ui,vi}, 803 = {vi,U2}, 807 = {^2,1*1}. Then pick a proper 
arc c=K, (resp. c#) in dH n (J2 U J3) connecting ^3 and V2 (resp. U2 and U3) as in 
Figure 2.4, where ||c=k, 9-B2II = I, l>3. 

Now we define oriented arcs on dH to connect some pairs in {ui,Vj; i,j = 
1, 2g} as follow: First let uivi = U ci U C2, vTu2 = C3, V2U1 = cy, U2U3 = c#, 
V3V2 = c*. Then let V2iU2i-i and V2i-iU2i be a proper arcs on dH n Ji parallel to 
Cy and C3 respectively, i = 2, (7 and ii2ii*2i+i and V2i+Tv2i be a proper arcs on 
8H n ( J2 U J3) parallel to c# and c* respectively, z = 2, g — 1. See U3W4 and 



in Figure 2.4. Now define 

ai=uivi, (2.0) 
and for 1< 4/c + j < 2c/, j = 1, 2, 3, 4, 

a4A:+l = U4k+lU4k U 04^ U V4kV4k+l, (2.1) 

a4A:+2 = ^'4fc+2'U4fc+l U a4fc+l U V4k+lUAk+2-, (2.2) 

0:4k+3 = ^'4/c+3'y4fc+2 U a4fc+2 U U4k+2U4k+3, (2.3) 

a4A:+4 = U4k+4VAk+3 U a4fc+3 U T^fc+S^ifc+I. (2.4) 



Hence Ofc-i C is an increasing sequence of embedded arcs on OH. 
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Figure 2.4 

Let a C dH be an arc which meets dS exactly in its two ends for a proper 
separating surfaces S C H. The resulting proper surface by tubing S along a in H, 
denoted by S{a), is obtained by first attaching 2-dimensional 1-handle N{a) C dH 
to S, then making the surface S U N{a) to be proper, that is, pushing the interior 
of 5 U N(a) into the interior of H. The image of N{a) after the pushing is still 
denoted by N(a). Since S is orientable and separating, it is a direct observation 
that S{a) is still orientable and separating. 

Since ai meets Ei exactly in its two ends, we do tubing of Ei along ai to get 
Ei{ai). Now 02 meets Ei{ai) exactly in its two ends, we do tubing of Ei{ai) along 
02 to get £'1(01,02) = -E'i(ai)(a2), where the tube N{a2) is thinner and closer 
to dH so that it goes over the tube N{ai). Hence £1(01,02) is proper embedded 
surface. Repeating this process by tubing along 03, 023 in order we get a surface 
£i(ai, a2g), denoted by Sg^i, in H. Clearly Sgj is a proper embedding of Sg into 
H for each even g > 0. We survey this fact as 

Lemma 2.1. Sg^i is an orientable separating surface in H . Moreover Sg^i is of 
genus g with \dSg^i\ = 1 for even g > (and of genus g — 1 with \dSg^i\ = 3 for odd 
9)- 

In the construction of Sg^i for all g^l, we may assume that (i) the positions of 
the arcs 01,02 are fixed; (ii) each tube N[ai) has distance 5/i from Oj for some 
5 > 0. By (i) and (ii), we have (iii) A^(oi), A^(o2) and the part of A^(o3) goes over 
A^(o2) are fixed for all g, I. 
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Now our knot K is obtained by pushing C into the interior of H along the inward 
normal direction of dH in the following way: (iv) first push the arc C7UC8UC1UC2UC3 
to stay between N{a2) and N{as), (v) then push the arc C4 U C5 U cq so that it 
has distance larger than 6/3 from dH and is disjoint from N{ai). Below we use 
aj to denote the image of c, after pushing. Then Ei U E2 separates K into 8 
arcs ai, . . . , as- See Figure 2.5 for K, ai C H, where ag is crossing under og, and 
||ai,Sfc||(in H) = \\ci,dBk\\{\n dH), i = 1,...,8 and k = 1,2,3. 




Figure 2.5 
Lemma 2.2. K n Sg^i = for all g, I. 

Proof. By (iii) and (iv), the part ay U ag U ai U a2 U 03 of K is disjoint from 
Sg,i- By (ii), (iii) and (v), the part 04 U 05 U ag C J2 U J3 of K is also disjoint from 
Sg^i. Hence K n ^g,; = for ah g,l. □ 

Let N{K) = K X D he the regular neighborhood of K in i7 such that (i) 
Sg^i C Hk = H — intN{K) for all g, I, (ii) the product structure has been adjusted 
so that Uf^^dai x D C EiU E2. Let Fj = Ej - intN{K), j = 1, 2; Mk = Hk n Jk, 
k = 1,2, 3; and T = d{KxD). Then F1UF2 separates T into eight annuli Ai,. . . , A^, 
where Ai = aix dD. Moreover K and C bound a non-embedded annulus in H (the 
trace of pushing C to K) which is cut by Ei U E2 into eight disk Di^^ , with a-i C dDi^ , 
i = 1, ...,8. Suppose Oj C M^, then = Dj^, n is a proper disc in M^.. Let 
Wi = dN{Di U Ai) - dMk, where iV( A U Ai) is a regular neighborhood of A U 
in Mfc. Then Wj is a proper separating disk in M^. Each VFj intersects Fi U F2 in 
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two arcs k and Zj+i. Note W = Uj^g^i is still a (non-proper) disc. We use fj, to 
denote the meridian slope on T. See Figure 2.6 for Ai, Di,Wi,li,li+i C M^. 



The following facts about K and Cj, which are based on Figure 2.5 and whose 
proofs involve only elementary algebraic topology rather than 3-manifold topology, 
will be used in §4 and §5. 

Lemma 2.3. (1) K is not contractible in H. 

(2) Suppose ai,aj C Jk- There is no relative homotopy on {Jk,Ei U E2) which 
either sends Oj to Ei U E2; or sends Oj to aj unless {i,j) is (2, 8). 

(3) Suppose ai,aj C Jk- The meridians of Ai and Aj are not homotopic in M^. 

(4) Suppose B is a proper disc of with \B D Ej\ < 1, j = 1,2. // \B fl 
(Ua,cJfcOj)| < 3 — |i? n {El U £2)1, then B separates a 3-ball from J^. 

(5) There is no annulus A C H such that (i) diA = K and d2A C dH , (ii) each 
component 0/ j4 n {Ei U E2) is non-trivial in A. 

Proof. The proofs of (1) (2) (3) are directly. 

(4) If i? is a separating disk in J^, then B separates a 3-ball from Jk, since Jk 
is a solid torus. So we need only to show that each non-separating disk in Jk does 
not meet the inequality in (4). 

Note B n Ej is either an arc or empty-set. May suppose B is non-separating 
disk in J2 which meets each Ej in an arc dj, j = 1,2 (the remaining cases are more 
directly). Let bj be an arc in Ej connecting the two endpoints of ag and ag. Then 
c = 61 U ag U 62 U ag is an circle which goes around J3 three times. Hence 




I, 



Figure 2.6 
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3= ||S,c|| < \\B,a6Ua8\\ + \\dB,bi\\ + \\dB,b2\\ 
= \ \B,ae U asll + |Mi,&i|| + 11^2, &2||- 

By Jordan Curve Theorem, < 1 = \B Ci Ej\. Hence 

\B n {Ua^cJkai)\ > \\B,bi\JaQUb2Uas\\ > 3 - |S n (^i U ^s)!- 
(5) Otherwise there is an anmihis A meets (i) and (ii) in (5). Then by (1), A 
is cut by El U E2 into eight rectangles Ri, i = I, ...,8, each Ri has two opposite 
sides in Ei U E2 and remaining two sides in K and a* C dH. Let bi be an arc in 
El U E2 connecting da*, and denote the circle bi Li a* C Jk by Cj, i = 1,3, 7, 5. In 
a basis of Hi{dJs, Z), ei and have coordinates (3,p) and {l,q) respectively, and 
hence ||6i,65|| = ||ei,e5|| = \3q — p\ ^ 0, since p and 3 are co-prime. It follows that 
dbi = dal and db^ = dal are alternating on 5£^2- By the same reason, da^ and da"^ 
are alternating on dEi. 

Now back to J2, 9a* 's have the cyclic order 4, 8, 2, 6 in dEi, and the cyclic order 
4,8,6,2 in dE2. Hence there are four disjoint arcs on Ei U E2 such that the two 
with 04 U Og form a circle 64,8 on 9 J2 , and the other two with 03 U Og form a circle 
62,6 on dJ2, moreover 62,6 and 64,3 are disjoint, therefore they are parallel on dJ2- 
But in a basis of Hi{dJ2,Z), those two circles have coordinates (3,p) and (l,g), 
and ||e2,6! e4,8|| = |3g — p| 7^ 0, since 3 and p are coprime. A contradiction. □ 

§3. Proof of Theorem 1 by assuming that K is simple and small. 

In this section 5 > will be even integer. By Lemma 2.1, let Sg^i C HK[dSg^i\ C 
H{dSg^l) the surface obtained by capping off the boundary of Sgj with a disk. Then 
Sg^i is a closed surface of genus g. 

Now Theorem 1 follows from the following two propositions (the "Moreover" 
part of Theorem 1 follows directly from [SW]). 

Proposition 3.0 K C H is a simple and small knot. 

Proposition 3.1. (1) Sg^i is incompressible in HK[dSg^i\. 

(2) for given g, dSg^i and dSg^i' are not the same slope in dHx when I . 

We choose the center of Ei as the common base point for the fundamental groups 
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of H and of all surfaces Sg^i. Now Tri{H) is the free group of rank three generated by 
yi, 2/2, ys indicated in Figure 2.1. and Tri{Sg^i) is the free group of rank 2g generated 
hy xi, . . . , X2g, where Xi is the generator given by ai and two arcs in Ei (see Figure 
2.2). Let (j) : Sgj H he the inclusion (precisely (p should be (pg^i, wc omit sub-index 
without making confusion), (j)^ : 7ri{Sg^i) 'Ki{H) be the induced homomorphism. 
It is easy to see from Figures 2.1, 2,3 and 2.4, 

h = yi, C7 = yf, c# = 7/22/3, c* = y3^y2^ (*) 

where C3 G t^i{H) is given by C3 and two arcs in Ei and so on. 

Recall that ^21^*21-1, V2i-iu-2i U2iU2i+T and V2i+iV2i are parallel copies of cy, C3, 
c# and respectively. One can read (l)^{xi) directly as words in yi,y2, ys by (2.0) — 
(2.4) and (*). They are: 

Mxi)=yl (3.0) 

and for 1< 4i + j < 2g, j = 1, 2, 3, 4, 

Mx^i+i) = y3^y2^4>*{x4i)y2yi = {wi^W2yyi{wiW2^)\ (3.1) 
(t)*{x4i+2) = yi0*(a;4j+i)yi = yi{w^^W2yyi{wiW2^yyi, (3.2) 
(?!)*(a;4j+3) = y^^y2^(t)*{xii+2)y'2yz = W2{w^^W2yyi{wiW2^ywi, (3.3) 
(t)*{x4i+4) = yi 4>*{x4i+3)yi =yi W2{wi W2yys{wiW2 ywiyi , (3.4) 
where wi = ^12/2^3 and W2 = ys^ V^'yi- (3.5) 
Obviousely 

{wiW2^ywi{wi^W2y = W2{wi^W2y~^~^ if i > j and 

{wiW2^ywi{wi^W2y = {wiW2^y~^wi if i < j. (3-6) 
{wiW2^yw2{wi^W2y = W2{'wi^W2y^-' if i > j and 

{wiW2^yw2{wi^W2y = {wiW2^y~^~^wi if i < j. (3-7) 
Lemma 3.2 (1) Sg^i is incompressible in H. 

(2) for given g, dSgj and dSgj/ are not in the same slope in dH if I ^ I'. 

Proof By (3.5), the right sides of (3.0) — (3.4) are reduced words in < yi, 7/2, 2/3 >• 
Now we present 'rri{Si^g) as the free product Gi*G25 where Gi =< xi, X3, X2g-i > 
and G2 =< X2,X4, ...,X2g >■ 

(1) We need only to show that cf)* : Tri{Sg^i) — > 'it\{H) is injective. 
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For each W2 & G2, we may suppose that W2 is a reduced from in < X2, ■..,X2g >■ 
Now we can present (f)*{w2) as a word in < yi,y2,y3 > by first replacing each 
xfl G W2 by (/»*(a;2i)^' and then applying (3.2) and (3.4). By (3.5) (3.6), (3.7) and 
obvious cancellations, one can get a reduced form of (/>*(^i'2) in < 2/17 2/212/3 >• Indeed 
by an induction on the length of the reduced form W2, it is easy to sec that if it;2 7^ 1, 
then (f)*{w2) 7^ 1 and (J)*{w2) has the reduced form started from and ended by the 
non-zero powers of yi. Similarly one can argue that for 1 ^ wi E Gi, (f)*{wi) 7^ 1 
and (f>*{wi) has the reduced form started from and ended by the non-zero powers of 
ys and y2- 

Now present each 1 w E Gi * G2 in a reduced form 51^2 •••5n of Gi*G2, and 
each gi in a reduced form in Gi or G2. It is clear that (t>^,{w) 7^ 1. 

(2) For given g,l, the conjugacy class corresponding to •95'^^; in 7ri{Sg^i) can be 
presented by a reduced word below (see Figure 2.2): 

XiX^^...X2g-3X2g_iX];^X3...X2g_^X2g-lX2gX2g-2---X2^X2X2gX2g_2---X4:X2^ {**) 

Now we can present (t)*{[dSg^i]) in 7ri(iJ) as a word of < 2/1,2/2,2/3 > by (**) 
and (3.0) — (3.4). Then doing cancellations to get the reduced form of ct)*{[dSg^i]) 
is very directly and all powers of y2 are untouched in this process. It follows that 
0*([9S'g/]) and (p*{[dSg^ii]) do not have the same cyclic reduced form when I ^ I'. 
Hence if / 7^ Sg^i and Sg^i' are not homotopic in H, and therefore there are not 
isotopic in dH. □ 

Now Sg^i separates H into two components Pi and P2 with dPi = Ti U Sg^i and 
dP2 = T2U Sg,i, where Ti U = dH and dTi = 8X2 = dSg,i. 

Lemma 3.3. Ti is incompressible in H . 

Proof. Let (f)^ : Hi{Sg^i, Z) Hi{H, Z) be the induced honiomorphism on the 
first homology groups. Note that Hi {H, Z) = Z + Z + Z is generated are yi , y2 and 
ys, where yi = T^{yi), and tt : Tri{H,Z) — > Hi{H,Z) is the abelization. By (3.0)- 
(3.4), it is easy to see that i^{Hi{Sg^i, Z)) is a subgroup of Hi{H, Z) generated by 
4yi, (/ + I)y2, m- Thus Hi{H,Z)/(f)#{Hi{Sg^i,Z)) is a finite group (of order 4/ + 4). 
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If Tj, i = 1 or 2, is compressible, then there is a compressing disk B[ in H for 
Tj. Since dB[ fl dSg^i = and Sg^i is incompressible in H, by standard argument in 
3-manifold topology, we may assume that B[ n Sg^i = 0. Furthermore, since H is a 
handlebody, we may also assume that B[ is non-separating in H. Thus there are 
two properly embedded disks B'2 and i?3 in H such that {B[, B'2,B'^) is a set of basis 
disks of H. Let zi, Z2 and Z3 be generators of 'Ki{H) corresponding to B'^,B2 and 
B3. Since Sg^i misses S^, (t>*{i^i{Sg^i)) C G C 7ri(i7), where G is generated by Z2 and 
Z3. Then clearly Hi{H, Z)/^^{Hi{Sg^i, Z)) is infinite group, a contradiction. □ 

Jaco's Lemma [J]. Let M be a compact 3-manifold with compressible dM and 
r be a circle in dM. If dM — r is incompressible in M, then either M[r] is a 3-ball 
or dM[r] is incompressible. 

Proof of Proposition 3.1. Since Sg^i is incompressible in H by Lemma 3.2 
and H contains no closed incompressible surface, dPi is compressible in Pj, i = 1,2; 

Since Ti,T2 and Sg^i are incompressible in H by Lemma 3.3 and Lemma 3.2, Tj 
and Sg^i are incompressible in Pj. Hence dPi — dSg^i is incompressible in Pj, i = 1, 2. 
Since clearly Pi[dSg^i] is not a 3-ball, dPi[dSg^i] is incompressible by Jaco's Lemma. 
It follows that Sg^i, which is parallel to a component of dPi[dSg^i], is incompressible 
in Pi[dSg^i]. Since H[dSg^i] is a union of Pi[dSg^i] and P2[dSg^i] along Sg^i, Sg^i is 
incompressible in H[dSg^i]. Therefore Sg^i is incompressible in HxldSg^i]. We proved 
Proposition 3.1 (1). 

Proposition 3.1 (2) follows Lemma 3.2. (2) □ 

§4. Hk is irreducible, 0-irreducible, anannular. 

Recall Ej, Fj, Jk, M^, Bk, ai, Ai, Di, T, ix defined in §2. 

Lemma 4.1. Pi U P2 is incompressible and d -incompressible in Hk- 
Proof. Suppose first P1UP2 is compressible in Hk- Then there is a disk B C 
such that B fl (Pi U P2) = dB and dB is a non-trivial circle on Pi U P2. Denote by 
B' the disk bounded by dB in Pi U ^2- Then P U P' is a 2-sphere S"^ in the solid 
torus Jfe, so P U P' bounds a 3-ball P^ in Jj^. Since dB is non-trivial in Pi U P2, 
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B contains diai for some C Jk- Since is separating and ai is connected, we 
must have {ai,dai) C {B^, B'), which provides a relative homotopy on ( J^, Ei U E2) 
sending aj to Ei L) E2, see Figure 4.1 (a), which contradicts Lemma 2.3 (2). 

Suppose then Fi Ui^2 is 9-compressible in Hx- Then there is a non-trivial arc a 
in Fi U F2 and an arc b in dHx bound a proper disk B in M^. There are two cases: 

(1) b C T. Then 6 is a proper arc in Ai, i = 1,5, 3, 7. Now either 6 is a trivial 
arc in Ai, then there is an arc b' in dAi such that the circle aUb' is non-trivial in 
Fi U F2 but bounds a disc in , which contradicts the incompressibility of -Fi U F2 
we just proved; or 6 is a non-trivial arc in Ai, then the disc B provides a relative 
homotopy on (J^, Ei UE2) sending aj to Ei L)E2, which contradicts Lemma 2.3 (2). 

(2) b C OH. Since \B n (^1 U E2)\ = 1, B separates a 3-ball B^ from Jk by 
Lemma 2.3 (4). Since a is non-trivial in Fi L) F2, by the same reason as the end 
of the first paragraph, one of Oj lies in with dai lies in a disc in dB"^ n Ei, see 
Figure 4.1 (b), which contradicts Lemma 2.3 (2). □ 




(e) (f) 



Figure 4.1 
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Lemma 4.2. Hk is irreducible. 

Proof. Otherwise there is an essential 2-sphere in Hk- Since H is irreducible, 
S'^ bounds a S-ball in H with K C B^, which contradicts Lemma 2.3 (1). □ 

Lemma 4.3. Hk is d -irreducible. 

Proof. Suppose Hk is 5-reducible. Let S be a compressing disk of SHk- If 
dB C T, then Hk contains an essential 2-sphere, which contradicts Lemma 4.2. 
Below we assume that dB C dH. Furthermore we assume that 

(*) \B n {Fi U i<2)| is minimal among all compressing disks B of dHk- 
Suppose first B C Mfc. Since B n {Ei U E2) = B separates a 3-ball B^ from 
Jjt by Lemma 2.3 (4). Since dB is non-trivial in OHk, then either B^ contains 
only one of Ei and E2, see Figure 4.1 (c), and then ||aj,5|| for all C Jk, a 
contradiction; or B^ contains both Ei and E2 and A; = 2 in this case, see Figure 
4.1 (d), 04 and as are properly homotopic in {B^,Ei U E2) C (Jfe,-Ei U £^2), which 
contradicts Lemma 2.3 (2). 

Suppose then B f) {Fi U F2) 7^ 0. By Lemma 4.1 and the assumption (*), 
B n (Fi U F2) consists of arcs. Then an outmost arc a of BO (Fi U F2) C B separates 
a disk Bq from B with Bq C for some k. By (*) a must be non-trivial in F1UF2, 
(otherwise \B n {Fi U ^2)! can be reduced by pushing Bq to a suitable side). Since 
I So n {El U £^2)1 = 1, Bq separates a 3-ball from Jj. by Lemma 2.3 (4). Then we 
reach a contradiction by the same reason in the end of the proof of Lemma 4.1 □ 

Lemma 4.4. M is anannular. 

Proof. Suppose Hk contains an essential annulus A. Assume that 
(**) \A n {Fi U ^2)1 is minimal among all essential annuli in Hk- 
By Lemma 4.1 and (**), each component of An {Fi U F2) is non-trivial in both 
A and {Fi U F2). There are three cases: 

Case 1. dA C T. There are two sub-cases: 

(1) \\diA, fi\\ = 0. May assume dA n (Fi U F2) = 0. 

Suppose first A n (Fi U F2) = 0. May assume that A is contained in M2 (the 
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remaining cases are more directly) . The whole dA must lie in the same Ai C M2 by 
Lemma 2.3 (3). Since A is essential, An Di = $ ioi i = 2,4, 8. Then dA C A^. Let 
M' be obtained by cutting M2 along D2, D4, D^- Then A is still an incompressible 
annulus in M' , and Dg C M2 become a properly embedding disk D'q C M' with 
ODq n ^6 = dDQ n Aq, a non-trivial arc of Aq. Since OA C A^, A (1 D'q is an arc 
in both A and D'q. Hence there is a 9-compressing disk of A in M' which is also a 
5-compressing disk of A in M2, which contradicts that A is essential in M2. 

Suppose then A fl {Fi U F2) 7^ 0, which must be a union of circles. An outmost 
circle a of Ad {Fi U F2) C A and diA bound an annulus A* C A. May assume 
that a C Fl, and diA C A^ C M^. Let B* be the disk bounded by a on Ei and 
D be the meridian disk of N{K) bounded by diA. B* \J A* V^ D is a separating 
2-sphere S"^ which bounds a 3-ball C Jfc, see Figure 4.1 (e). Since |(^* U Z?) fl 
(UajC./fcQ'i)! = U Z?) n Oj)! = 1, by applying Lemma 2.3 (2) as before we have 
\B* n iy^aj(zJk^j)\ ~ 1-^* ^ ~ Hence a and diAi bound an annulus A' in 

Fl . Now by pushing the annulus A — A*\JA' to a suitable side of Fi , | (Fi UF2 ) | 
is reduced, which contradicts (**). 

(2) I \diA, > 1. Now A n (Fl U F2) consists of non-trivial arcs in A, which cut 
A into 8||5iA, nW rectangles and each rectangles has two opposite edges on Fi U F2 
and two opposite edges on Ai and ^7r(i)) where 7r(i) = i + 1 mod 8. If / = 0, then 
the two ends of each arc oi Ar\ (Fi U F2) lie in a same component of d{Fi U F2), and 
an inner most arc is trivial in Fi U F2, a contradiction [G]. If / ^ OmodS. Then 
and ae+i are properly isotopy in M2, which contradicts to Lemma 2.3 (2). 

Case 2. diA c T and d2A c dH. 

By Lemma 4.3 both dH and T are incompressible in Hk- Clearly Hk is not 
homeomorphic to T x /. Since both Dehn fillings along /x and dA\ compress dHx-, 
by [2.4.3 CGLS], A(aiA,//) < 1. There are two sub-cases. 

(1) I \diA, /i[ I =0. Since diA is disjoint from Fi U F2, d2A is disjoint from Fi U F2 
(otherwise there is an arc in ^ fl (Fi U F2) with two ends in d2A which is trivial 
in A). Then it follows A is disjoint from Fi U F2 by the proof of Case 1. Suppose 
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diA d Aid Mk for some i, k. Let D be the meridian disk of N{K) bounded by diA 
and B = A Ug^A D. Then S is a proper disc in Jk, dB is non-trivial in dH fl J^, 
and \B, UajCA^ail = 1^, ail = 1- Since B n {Ei U E2) = 0,-6 separates a 3-ball B^ 
from J2 by Lemma 2.3 (4). If B^ contains only one of Ei and -E2) then B meets all 
aj in Jfc. If B^ contains both Ei and E2, then B meets in non-zero even number. 
In each case we reach a contradiction. 

(2) = 1. It is easy to see that this case is ruled out by Lemma 2.3 (5). 

Case 3. dA c dH. 

Suppose first A n {Fi U F2) = 0. Since A is essential, A is disjoint from Di 
for z 7^ 6. May assume that A C M2 (the remaining cases are the same). Since 
OA C dH n J2 and A is disjoint from 04,02, A separates J2 into two soHd torus 
J* and J' such that (Ei U £'2) H J' = and separates a disc B' C J' from B2, see 
Figure 4.1 (f). Since J' is disjoint from all Ai C M2, A is 5-compressible in M2, 
which contradicts that A is essential in M2. 

Suppose then A n {Fi U F2) ^ 0. There are two sub-cases: 

(1) An {Fl UF2) consists of circles. Then an outmost circle a of An {Fi UF2) C A 
and diA bound an annulus A* C A such that A* C M^. Let B* be the disk bounded 
by a on E1UE2 and D* = A*UB*. By a slightly pushing, we have D* C Jk, moreover 
(i) D*nai / for some a, C Jk, (ii) for each aj C Jk, |-D*naj| < 2, and < 1 if = 2. 
Since dD* C Jk n dH, D* separates a 3-ball B"^ from Jk by Lemma 2.3 (4). Now 
either B^ contains both Ei and E2, k = 2 in this case, and D* meets each aj C J2 
in even number of points, which contradicts (i) and (ii) above; or B^ contains only 
one Ei, say Ei, then diA = dD* is parallel to dEi. Since A* is disjoint from K, 
\B* n (Ua.cj,aj)| = \D* n (U„.cjfcaj)| = \Ei n (Ua.cj,aj)| = 4. Hence a and 
bound an annulus A' in Fi by applying Jordan Curve Theorem. Now we reach a 
contradiction by the same argument the end of Case 1 (1). 

(2) A n (Fl U F2) consists of arcs. Then Fi U F2 cut A into rectangles Ri, and 
each Ri has two opposite sides in Fi U F2 and remaining two sides in dH. Then Ri 
separates a 3-ball Bf from Jk by Lemma 2.3 (4). Let and D| be two disks of 



Small knots and large handle additions 



Bf n {El U E2). By Lemma 2.3 (2) we have (i) diaj C D} if and only if d2aj C Df. 
(ii) aj and ai are contained in the same Bf imphes that (j, /) = (2,8). 

If 02 and as belong to the same Bf, then so do and aj, which contradicts (ii). 
Hence there is only one aj in each Bf. Hence A separates from H a solid torus with 
K as centerline (up to isotopy). Then K and a component of dA C dH bound an 
annulus, which contradicts Lemma 2.3 (5). □ 

§5. Hk contains no closed essential surfaces. 

Recall W, Wi, k defined in §2. 

Suppose Hk contains closed essential surfaces F. We define the complexity of 
F by an ordered pair 



C(F) = (|FnTyi,|Fn(FiUF2)|). 

Suppose F realizes the minimality of C{F). By the minimality of C{F), Lemma 
4.1 and the standard argument in 3-manifold topology, we have 

Lemma 5.0. 

(1) each component of F r]{FiU F2) is a non-trivial circle in both F and F1UF2, 

(2) F nW C W is a union of arcs as in Figure 5.1. Hence \F H li\ = |-F Pi Zj| 
for all i,j. 
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Figure 5.1 

The positions of dAi and /j in Fi U F2 are indicated as in Figure 5.2. 
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Figure 5.2 

Below we will use s to denote a given family of parallel disjoint proper 1- 
manifolds on some surface, and use s to denote a representive (a component) of 
s. 

Lemma 5.1 Each component of F D is isotopic to either fl dH or some 

Ai C Mfc, where k = 1,3. 

Proof. The proofs for k = 1 and 3 are the same. Assume k = 3. First we need 
Lemma 5.2 Components of Fr\F2 in F2 which are not parallel to a component 

of dF2 are divided into two families of circles si and §2 in Figure 5.3 (a) and (c). 

Moreover in each case \si \ = \s2\. 




(a) (b) (c) 

Figure 5.3 

Proof. Since each component F r\ F2 isotopic to a component of dF2 con- 
tributes the same to \F r\lk\ for all 1^ C F2, we may assume that F D F2 contains 
no such components when we apply Lemma 5.0 (2) to prove Lemma 5.2. 
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Note that Ii,l2,h,l6 separate F2 into four annulus and one disc which is presented 
as an octagon E* in Figure 5.3 (b), where F H E* are presented as five famihes of 
proper disjoint arcs di, d^, d^ with ddi in different Ij and Ik for each i. By Lemma 
5.0 (2), we have 

\d4\ + \di\ = \d2\ + \di\ + \dr^\ = \d2\ + \d'^\ = \d4_\ + \ds\ + \dr^\. 

It follows 1^5 1 = 0, \di\ = Idsl and 1^2 1 = ^4!- Back to Figure 5.2 (b), since no 
component is isotopic to dF2, it follows that either \d2\ = 0, which is Figure 5.3 (a), 
or |cZi| = 0, which is Figure 5.3 (c). □ 

Let us return to the proof of Lemma 5.L Let 5 be a component of EDMs. Each 
Wi separates a solid tori Pj from M3, i = 1,5. Let M3 = M3 — (Pi U P5), which is 
a solid torus. There are three cases to discuss. 

Case 1. If a component of dS is isotopic to a component of dAi, i = 1,5. By 
the minimality of the complexity C{F), S is disjoint from Wi, and therefore S G Pi, 
which is an annulus isotopy to Ai, i = 1 01 5. 

Case 2. If a component of dS is isotopic to dE2, let diS be the outmost com- 
ponent of dS C E2 which is isotopic to dE2. Now diS intersects Pi as in Figure 5.2 
(b) and WiH S contains two arcs b* and bf with ends in diS. Let Si be the com- 
ponent of 5 n Pi which meets diS, i = 1,5. Then Si is incompressible in Pj. Since 
dSi = {diSnPi)U{b*Ubf) bounds a disk in P, parallel to 5M3, Si itself is such a disc, 
i = 1, 5. Let 5*3 be a component of S H M3 which meets diS, then S3 is incompress- 
ible in the solid torus M!^ and 55*3 has a component {diSnM!^)U{blUbf)U{blUbf) 
which bounds a disk in dM^ as in Figure 5.4. Hence Ss itself is such a disk. Thus 
S = Si U^«j_jj^# 53 U^.^j^# ^5 is isotopic to M3 n dH. 
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Figure 5.5 

By Lemma 5.2, to finish the proof we need only to rule out Case 3 below. 

Case 3. = |s2| 7^ in Figure 5.3 (a) or (b). Since the discussion for (a) and 
(c) in Figure 5.3 are the same, we just discuss the former case. 

We may assume that no component of S is isotopic to a component of dF2 by 
Case 1 and Case 2 we just discussed. Let S'^ = S D Afg. Then dS'^ contains 2|si| 
circles which are produced from the arcs (siUs2)nM3 and the arcs (VFi UH^s) nS, as 
in Figure 5.5, where = 2. Note each circle in dS'^ is non-trivial in dM^. Since 5*3 
is incompressible in the solid torus M3, each component of S'^ is an annulus which is 
5- compressible. Now B'^ fl 6*3 is a union of arcs, where B!^ = D M3. An outmost 
arc 5 of i?3 n S'g C B'^ separates a disc D* from B'^. As a 5-compressing disc of 5*3, 
D* can be moved into the positions of D^, D2, D^, indicated as in Figure 5.5. Now 
back to M3, those -D*'s in Figure 5.5 are corresponding to those -D|'s in Figure 5.6 
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(a), i = 1,2,3. In the cases of D* and in Figure 5.6 (a), one can push F along 
the disc to reduce \F n W\; in the case of D2 in Figure 5.6 (a), one can push F 
along the disc to reduce \F n {Fi U F2)\, but not to increase \F n W\. In each case, 
it contradicts the minimality of C{F). □ 
Remark on Figures 5.4, 5.5 and 5.7. In Figure 5.4, to simplify the picture, 
Wi does not meet in three arcs as it should be. But one verifies easily that this 
simplification does not affect the proof. The same remark is needed for Figures 5.5 
and 5.7. Moreover in Figure 5.7, we only drawn a representive Cj for a families Cj 
and so on. 




(a) (b) (c) 

Figure 5.6 

Proposition 5.3. Hk contains no closed essential surface. 

Proof. Now we consider Fr]M2- Each component of Fn(FiUi<2) is isotopic to a 
component dF2UdFi by Lemma 5.1. Apply Lemma 5.0 (2) again, we have \dE2\ = 
\dEi\, where dEi C Fi are components of F (1 Fi isotopic to dEi, i = 1,2. Each Wi 
separates a solid tori Pi from M2, i = 2,4, 8. Let = M2 - {P2 U P4 U Ps), which 
is a handlebody of genus 2. 

Note if F n M2 has a component S such that a component of dS is isotopic to 
dAi, i = 2,4,8, by the minimality of C{F), S C Pi and hence S is isotopic to Ai, 
i = 2,4,8. 

Let 82 = F r\ Then dS'2 consists of possibly five families of circles ei, 62, 63, 
/i and /2, where ei, 62 and 63 with jejj = \dEi \ are produced from the arcs {dEi U 
dE2) n and the arcs of {W2 U VF4 U W^) n F with end points lying dEi U dE2, 
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fi C Fi and /2 C F2 are parallel copies of the two components of OAq respectively. 
All those are indicated in Figure 5.7 (see Remark on Figures 5.4., 5.5, 5.7). Moreover 

(i) each component of 63 bounds a disk in SMg, hence bounds also a disk in F. 

(ii) any two components in ei U 62 bound an annulus in disjoint from Aq. 




Figure 5.7 

There is a proper disc B in with dB' shown in Figure 5.7 such that 

(iii) dB' meets those four families in the cyclic order ei, 62, /2, fi, 

(iv) dB' meets each component of ei U 62 U /i U /2 in one point and dB' fi Aq is 
a non-trivial arc in Aq, 

Let S' be a component of 5*2. Since S' is incompressible in Mg, S' fl B' consists 
of arcs. By (iv) there is an outmost arc b of S' f] B' C B' which separates a disk D* 
from B' so that 

(v) dD* disjoint from Aq and D* is a 9-compressing disk of S' . 

We divide the remaining discussion into three cases by (iii). (Figure 5.6 (c) is 
helpful to understand (iii), (iv) and (v) above and each case below.) 

Case 1. One end of b is in fi E fi and the other is in /2 G f2- In this case 
\dEi\ = and all e^'s do not exist by (iii) and (v). One can show that S' is 
isotopic to Aq by cutting and pasting argument in 3-manifold topology, the detail 
is contained in what we will do in Case 2. 

Case 2. One end of b is in ei G ei and the other is in 62 € 62. By (ii), ei and 
62 bound an annulus A in disjoint from Aq. Let M2 , S" , A' , A'q, e'^, e'2 be the 
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images of Mg, 5", A, Aq, ei, 62 respectively after cutting along B'. By (iv), is 
an arc, i = 1,2. Let bi, Df, i = 1,2, be the two copies of b and D* after cutting M2 
along B'. By (v), the circle c' C dS" formed by four arcs e'l, e'2, b[ and 63 bound 
a disc Dl U U D'2 in which is disjoint from A'q. Since S" is incompressible 
in M2 , S" is such a disc up to isotopy. Back to M2, S' is isotopic to the annulus 
A C M2. Back to M2, by (i) and similar argument in Case 2 in the proof of Lemma 
5.1, S is isotopic to M2 n dH. 

Case 3. If either db lie in one of the four families ei, 62, /i and /2, or one end 
of b is in Cj and the other in /j, z = 1 or 2, then £)* can be moved in M2 keeping to 
be a 5-compressing disk of S' so that when we go back to M2 it is a 5-compressing 
disk of FnM2 in the position of either D* or D| in Figure 5.6 (b). One can push F 
along either Dl or D2 to reduce C{F), which contradicts the minimality of C{F). 
(Refer the end of the argument in Case 3 of the Proof of Lemma 5.1). 

So each component 5 of F n M2 is isotopic to either M2 n dH ot Aj,, i = 2, 4, 6, 8. 
In the former case, dS is dEi and dE2 which bound (up to isotopy) dH fl Mi and 
dH n M3 respectively by Lemma 5.1, and then F is isotopic to dH. In the later 
case, by Lemma 5.1, each component of Ffl (Mi UM3) is an annulus isotopic to one 
of Ai,A^,A^,A'j. Since F is closed, it follows that F is a torus isotopic to T. □ 

Proposition 3.0 follows from Lemmas 4.2, 4.3, 4.4 and Proposition 5.3. Hence 
Theorem 1 is proved. 
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